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1 Solution to the Baseline model

1.1 Setup

The consumption sector uses Capital (K¢) and Labor (L¢) to produce the consumption good according to
the following technology:
Yo = XKLg e,

where
dXt = Ux Xt dt + UxXtdBf.

The investment sector also uses capital and labor (K;) and (L) to produce the investment good
Y= X Z KPP Ly
The parameter « controls the correlation between the productivity shocks in the I and C sector, and
dZ; = pz Z1 4 dt + 01,221 ,dB)”

Investing in either entails some costs of adjustment. Increasing the capital stock by I costs a total of
Z-1e(I/K)K units of the investment good, where

1 1

N = —(1 ax L

i) = 31+ ) - 5

the function ¢(4) is the cost of investment plus the adjustment costs. It satisfies ¢(0) = 0 and ¢/(0) = 1, and
dZm7t = 0'Z72Zm,tdBtl’z.

Households supply 1 — N; units of labor that can be freely allocated between the two sectors,

Lei+ Ly =1— Ny (1)

Households have preference over consumption, and leisure of the EZ form:

h(C,N,J) = 1 pefl ( (CNw)l_j:gl—l -(1=7) J) (2)
T\

Here p will play the role of the time-preference parameter, + controls risk aversion, and 6 the elasticity
of intertemporal substitution (EIS). Utility is defined over the composite good C' N¥, and 1/ controls the

relative shares of consumption and leisure.

1.2 Solution
First, define Z = Z; - Z,, and 07 = ,/U%J + U%’m. The Hamilton-Jacobi-Bellman equation for the social

planner’s optimization problem is:

1 1
0 = max {h(C, N, J)+ (ic — 8 Ik Ko + Ix Xux = Ixx X20% + pzJzZ + JZZZQJ%}
Lr,Leoyic,N 2 2



where

y—6—1

(L =7)J) ™=
subject to:
C = XKFL;"
Xz
ic = ¢! (Kc KffL}‘51>

Le+L; < 1-N

The labor supply decision is intratemporal. Let N = 1— Lo — Lj, households will choose L& to maximize
CNY, ie.

_ 1- 8¢
Lo = XKPerp el Lo—L)Y=—"9 (1-1L
o =argmax XKo" Lo ™ (1= Lo = L) = 7—-=—7(1 = L1)

which implies that

N:1_LC_LI:1_L,_%(1_LI) Y a-ry

and

CNV

1— 1-Bc )
i () ()

XKPC(1— Lp)t=Pety 4,
s (5 ()
T \1+v-fc 1—Bo+ ¢

Replacing the above in the HJB equation along with the constraint on investment:

_ s ((L=Bo) =L\ @ ~ -
0 = rrﬁx{h(XKC < [T ) ,m(l Lp),J 0k Ko+

X*Z _ 1 1
+ ! (KCK?’L} BI) JreKe + IxXpx + §JXXX20'§{ +uzJzZ + 2JZZZ20'%}

XaZKﬁ]
Letw:ln( ch )

1-Bc¢
0 = H}/&X{h <XKgc ((1—50)(1_L1)> 1/}(1_11])"]) _6JKCKC+

T 1+v — B "1—Bo+1

_ 1 1
+ ! (eWL} 51) Jko Ko+ Ix Xux + §JXXXQJ§( + pzdzZ + 2JZZZQJ%}

Guess that
_ Gy

I =S5 )



Plugging in the guess, the HJB Equation becomes:

_ _ (1—Bo+p)(1—6~1) A1—671
{”1(1973 (“ L) " ;) % —f(w)>—5[5c(l—v)f(w)—f’(w)]+

£ (L) [Bo(1 =) Fw) = F@)] + pax [(1=7) Fw) + af' (@) +

0 = min
Lg

+ 5% = 1) F0) = a2y = DF ) + 02w + izl ) + 503 17"(6) - £l

2
1— 1— L) A=Bet+¥)(1—67") g1-07"
0 mm{p( 7) << 1) YL

Ly | 1—60-1 il

(Fw) T

- 1) (B2 4 el = D (L) = d 8ol = D b (- 1) - odalr - 1)

1 1
+  f(w) (5+0¢Mx+uz -« (7— 2) 0% — 5UQZ _ ! (ewL}—ﬁ,))
" 1 5 5 1,
+ f (w) §UXa +§JZ

The first order condition with respect to Ly is

Lo s () o s+ L] e

where i = ¢ and A; = p((1 — Bo + ) A57971(1 - B t>0

1.3 Prices

1.3.1 Investment goods

The relative price of investment goods is given by

€ = L K0
t m hC,t Cl(ic)

1.3.2 Stochastic discount factor

The IMRS is .
T = exXp </ hJ(CsaNS;JS)dS> hC(Ct7Nt7Jt)
0
where
-6t B . 1-p-1 1—
hy = oA (L= L) OO () T



and

1 (XKPC(1 — Ly)t—Potd gg)1=07"
y=6—1

g Bc 1-8 1-B¢ 1=Po (()(l(ﬂc)l_Wf(uﬂ) 1—y
XKC (I—L]) c THo— 560 C

p AT (1= L)t A=Be)+v(1=07")

= (XKX)T -
T () (F) TS
= A (XKC7) 7 9(w)
e
Ay = ( e )1_%
1+y—Bc
Bw) = (1) ABI0 ()~

o~
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S
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I

Ly

The dynamics of the state variable are

a Br
dw = d1n<X§KI>:ad1nx+d1nZ—danc
C

1 1 .
= {a(,ux — §a§() +(pz — 50%) —ic + 5] dt + aoxdB* + 07dBf

An application of Ito’s Lemma on 7y yields

t t

i = exp (/ hj(cs,NS,JS)ds) he(Cou Nuy J)hy (Cay Noy ) + exp (/ hj(cs,NS7Js)ds)D(hc(ct,Nt,Jt))
0 0

dmy D(hc(Cy, Ny, Jp))

ATt (Cu) Na, Jo) dE+

Tt J( ) hC(CtyNt7Jt)



also let #(X, Ko,w) = ho(Cyy Niy Jy)

2
G = A (XKL o) S + 320+ DAKKE) 00w (5 ) - Berde (XKE) ol T2 +
b A (XKEO) 16 @) + 3 As (XKEO) 71" (@) (d)? — 7 As (XKE) 716/ (1) (Cg Cf)
dr X 1 dx\? dKe ¢ (w) 1¢"(w),, o  ¢(w) (dX dw
7= T e (K) el Ghw R er 58 (5 1)
Ci:- = —y,uxdt—wdetXJr%7(7+1)0§<dt—ﬁ07(ic—5)dt+
L i — 202) 4 (g — Lo2) — i+ 6| dt+ 2 [aoxdB;¥ + 07dBY]

olw) [T T RTI T E T poa me olw) <N A

1 11 /

2(1;((:))) (a20§+0%)dt’yi((:)))aa§( dt

1.3.3 Investment and consumption firms

The value of the consumption firm is
hc+Ver = Ik Ket

whereas the value of the investment firms is

heVig=B1dz 21,

Proof: Consider the value of a firm in the C-Sector. The firm buys new capital and hires labor to

maximize its value

TrtStC = Et/ max Trg (XsKg’csLlcjsﬂc - wsLC,S - {SC(ZC)Kc)
t

Le¢,syic,s

= Et/ Ts (ﬁCXsKgi(L*C,s)l_ﬁc - §SC(i2«,s)KC,s) ds
t

:>St

[eS) s h s _ ]
E, / exp < / h J(Cu,Nu,Ju)du> e (B XK (L)' ™ = Eeeli ) K ) ds
t t it

The planner’s Lagrangian evaluated at the optimum can be written as:
_ OO *ONTHE O TRY _ Be rx 1=Bcy - _ Bry«1-PBr1
L fEt/ W(C2 N2 T2) = my(Cy — XKL, LE [ TP0) — ey (c(zcys)Kc,s Y. KLY ) ds
t

The envelope theorem implies that

oc  oJ
0Ke  0K¢
also note that oK
C,s
“ Ko = Koo
DK, Cit c,

)



An application of the envelope theorem yields

o7 > : -
" Koy = B, / exp ( / hJ(C’u,NmJu)du) hows (BeX K25 (Le)' ™7 = &clit, ) Ko.s) ds
IK et t t '

Therefore
C _ 1 (9Jt
b hct OKct @t
Similarly, the value of a firm in the investment sector is:
™Sl = Et/ T (gsZst’(LLs)l_ﬁ’ —wSLI,S) ds
0
I > Bror+ \1-B1
sl = B, / s (gsﬁ,ZSK, (L) ) ds
0

Moreover, because

a7 S . .
oyl = Et/ exp (/ h(Cu; Nu, Ju)du> he,s ({;Zst;( s /31) ds
97 ) t :

this implies
1
S = TﬂIJZZt
Ct

therefore
Si _ Brf'(we)
S¢ Bo(l =) flwe) = f'(we)’

Also, g—é is increasing in w if
11 !
o
A
To see that this is the case, note that the above condition implies that fT/ is strictly decreasing. In the regions
where f” < 0, the above inequality holds because the LHS is positive while the RHS is negative, so we only
need to focus on the case where f” > 0, where both sides are negative. Now let’s consider the cases where:

A i
1. case i > 7

In this case ’;—/,/ is a decreasing function. Meanwhile, the slope of fT/ depends on whether ?—l,/ > fT/
or )}—,,/ < fT/ We can exclude the case where
f// f‘/
G
since that would mean that f7/, which asymptotes to 0 as w — —oo is increasing with w. Moreover,
the two curves cannot cross, since if fT/ is below ]}—/,l that it is decreasing and if fTI is above then it is
increasing. Thus the only possibility is J;—/,l > fTI
f/// LII
2. case 77 < 77

In this case ff—l/l is an increasing function. On the other hand, if ’;—l,/ > fTI then fTI is decreasing.

!
But we can rule out this case because lim,,_, _ fT = 0 and the curves cannot intersect. We can also



rule out the other case where J;—/,l > le, because this would imply that they are both increasing functions

but by limy,_, fT/ =0 and fT/ € (1 —~,0) this is not possible.

From the above, the only possibility then is that ’;—/,/ > fT/

1.3.4 Value of assets in place and growth opportunities

Consider the value of a firm in the C-sector that plans to not invest in the future
> 8
7rt5&t = Et/ T (XS(the_‘ss) cLlcjfc — wquS) ds
t
its labor decision yields
_5s\Bc r1-Bc
(1—Bc)Xs(Kcoe°?) Lo ¢ =wsLos

Let As; = exp( f: G du). Now consider a firm who follows the optimal investment policy, its first order

condition is
17
(1 - Be)X Ko7 ) 77 = w,LE

dividing through, this yields
Les =LE AL}

which implies

7rtSzV = FE /00 s Xs Kgc;eféﬁc sﬁlc'TOﬁC ds
t
mS, = B /Oo msBoXs Kg,cqulcjtﬁcA;% ds
t
hC,tStv = E; /°° exp </S hy(C,N,J) —icu du) Behe,sCds
1—7v

_p—1

[e ) s B )
Et/ exp (/ ﬁudu) pBc(1 — 7)L(Cl’;ﬂc)(lfe I)N;”(l—@ 1)f(ws)% s
t t

_ Bo(1—
xR )
= 71_’7 g t

The Feynman-Kac theorem implies that g(w;) can be computed as the solution to the ODE:

y—6~1

0 = pBe(l — ) Le(w) A= N () P00 £() 57 4 j(w)g(w) + Duglw)

where

(1=7)*o%-

pwa) = ho(w)+(Bo(l =) = Dicw — 680(1—7) + (1 —7) (MX _ ;UX> .



1.4

Figures

Figure 1: DYNAMIC RESPONSES TO THE INVESTMENT-SPECIFIC SHOCK (Z)
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Figure 2: DYNAMIC RESPONSES TO THE CONSUMPTION SHOCK (X)

(j) Market Portfolio: Price
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1.5 Calibration and comparative statics

Table 1: PARAMETERS USED FOR BENCHMARK CALIBRATION

Parameter Symbol  Value
Preferences
Discount rate P 0.001
Elasticity of intertemporal Substitution 0 0.3
Relative risk aversion ¥ 1.1
Leisure share in utility P 3
Technology
Growth rate of C-shock 115 0.1%
Volatility of C-shock ox 2.0%
Growth rate of I-shock (I-TFP) wz 4.0%
Volatility of I-shock (I-TFP) 0z1 3.5%
Volatility of I-shock (MEI) 02,2 13.5%
Sensitivity of Y7 to C-shock « 0
Production
Capital share in C-sector Be 0.3
Capital share in I-sector Br 0.1
Adjustment cost parameter A 1.15
Depreciation rate of capital 0 8.5%
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Table 2: MODEL VERSUS DATA: MACROECONOMIC QUANTITIES

A: Model
u(%) (%) p Correlation
é i i g

é 0.99 1.86 0.37

[-0.04, 2.02]  [1.50, 2.30]  [0.12, 0.60]
i 1.00 3.82 0.22 0.42

[-0.13, 2.08]  [3.05, 4.84]  [-0.01, 0.43] [0.17, 0.61]
i -0.00 0.78 0.53 -0.09 0.87

[-0.08, 0.08]  [0.63, 0.96]  [0.34, 0.68] [-0.31, 0.14]  [0.78, 0.93]
o 0.99 1.92 0.36 0.94 0.71 0.27

[-0.04, 2.02]  [1.56, 2.37]  [0.10, 0.58] [0.89, 0.96]  [0.56, 0.81] [0.04, 0.48]
13 -2.95 3.27 0.25 0.55 0.18 -0.10 0.50

[-4.13, -1.76]  [2.69, 3.90]  [0.01, 0.46] [0.34, 0.71]  [-0.07, 0.42]  [-0.33, 0.16]  [0.28, 0.67]

B: Data
(%) (%) p Correlation
é i [ 7y

é 2.51 1.95 0.40

[2.09, 2.93]  [1.65, 2.24]  [0.21, 0.58]
i 2.60 6.22 0.17 0.39

[1.26, 3.94]  [5.26, 7.18]  [-0.04, 0.38] [0.21, 0.58]
I -0.08 2.52 0.16 0.41 0.83

[-0.62, 0.47]  [2.13, 2.13]  [-0.06, 0.37] [0.23, 0.59] [0.76, 0.90]
o 2.35 3.24 0.10 0.84 0.67 0.64

[1.66, 3.05] [2.74, 3.74]  [-0.12, 0.32] [0.78, 0.90] [0.55, 0.79] [0.51, 0.76]
£ -3.78 3.01 0.18 0.44 -0.06 -0.26 0.24

[-4.42, -3.13]  [2.55, 3.47]  [-0.03, 0.39] [0.26, 0.61]  [-0.28, 0.16]  [-0.46, -0.05]  [0.03, 0.44]

Table [2| compares moments of the data to simulated moments from the model. The first three columns report means (u), standard

deviations (o) and first-order autocorrelations (p). The last five columns report correlations.

The top panel shows moments from

simulated data. I simulate 50,000 samples, each with a length of 100 years. I drop the first half of the sample to remove the impact
of initial values. I simulate the model at a monthly frequency (dt=1/12) and then aggregate the data to form annual observations. y
refers to log output growth, ¢ refers to log consumption growth, i to log investment growth, [ to log growth of labor supply and 5 to log
growth of investment goods prices. I report median moments along with the 5% and 95% percentiles across simulations. The bottom
panel shows moments in actual data. I use annual data in the 1951:2008 period. Output is GDP excluding government consumption,
consumption is non-durables plus services, labor supply is non-farm business hours, investment is non-residential fixed investment and
the relative price of investment comes from Israelsen (2010) who extends the quality-adjusted price series of Gordon (1990) to 2008. I
deflate quantities by population and nominal variables by the consumption deflator.

12



Table 3: SIMULATED MOMENTS: ASSET PRICES

Model Data
median 5%  95%

E[Ry — 1] 131 -1.62 416 4.89
o[Ru — ry] 1233 1174  12.93 17.92
E[R; — ry] 1.04 -1.34  3.38 3.75
o[Rr — 1] 10.16  9.67 10.66 18.96
E[Rc — 4] 144 178 451 5.17
o[Re —ry] 13.60 12.95 14.26 14.77
E[R; — R¢] 039 -1.16 0.5 1.41
o[R1 — Re] 348 328  3.67 10.96
Elry] 283 -0.65  6.36 2.90
o[Ry] 361 242 5.36 3.00
E[Rv — R 112 099 1.24 -
o[Ry — Re] 10.96  9.99 11.76 ;

Table [3] compares moments of the data to simulated moments from the model. The left three columns shows moments from simulated
data. I simulate 10,000 samples, each with a length of 100 years. I drop the first half of the sample to remove the impact of initial
values. I simulate the model at a monthly frequency (dt=1/12) and then aggregate the data to form annual observations. Ry refers
to returns of the market portfolio, R; to returns on the investment sector, Rc to returns on the consumption sector, Ry to returns on
a pure value firm in the consumption sector, Rg to returns on a pure growth firm in the consumption sector, and Ry to the risk-free
rate. In simulations, I compute risk premia by E[r; —rg] = & S [rit — ¢, except for the risk premium on the pure value factor, which
I compute using E[Ry — Rg] = 7c0'u(d7", Ry+ — Rgt). I report median values along with 5% and 95% percentiles across simulations.
The fourth column shows the corresponding moments in the data. The mean and volatility of the market portfolio are computed using
data from Kenneth French’s website over the period 1962:2008. The moments for investment and consumption firms are computed over
the 1962:2008 period. I classify firms as investment and consumption producers based on NIPA Tables and NAICS codes, see online
appendix for details. The mean of the real risk-free rate are from the long sample of Campbell and Cochrane (1999). The volatility of
the interest rate is from Chan and Kogan (2002) and it refers to the volatility of the ex-post real rate.
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Table 4: COMPARATIVE STATICS WITH RESPECT TO «

Model
Data
BENCH a=05 a=1 a=2

E[Run —ry] 1.29 126  1.25  1.25 4.89
o[Rar — 4] 12.33 12,22 1217  12.26 17.92
E[R; — R¢] -0.36 -0.35  -0.36  -0.37 -1.41
o[Rr — Rc] 3.48 3.50  3.54  3.68 10.96
Elry] 2.84 2.89 297  3.04 2.90
o[Ry] 3.60 3.62  3.67  3.80 3.00
E[Rv — R¢] 1.12 111 111 114 -
o[Rv — Rg] 10.96 11.01  11.12  11.46 -
o[d] 1.86 186  1.87  1.89 1.94
oli] 3.82 3.96  4.09  4.43 6.22
o[é] 3.27 296  2.84  3.19 3.07
plé, ] 0.42 0.46  0.50  0.56 0.39
pli, 1] 0.71 0.74  0.76  0.80 0.67
plé, 9] 0.94 094 094  0.94 0.84
plé, 1] -0.08 -0.03 003 0.4 0.41

Table 7?7 compares moments of the data to simulated moments from the model using three different calibrated values for the correlation
between the output of the investment and consumption sector (). The left four columns shows moments from simulated data. I
simulate 10,000 samples, each with a length of 100 years. I throw out the first half of the sample to remove the impact of initial values.
I simulate the model at a monthly frequency (dt=1/12) and then aggregate the data to form annual observations. Ras refers to returns
of the market portfolio, Ry to returns on the investment sector, Rc to returns on the consumption sector, Ry to returns on a pure
value firm in the consumption sector, Ry to returns on a pure growth firm in the consumption sector, and Ry to the risk-free rate. ¥
refers to log output growth, ¢ refers to log consumption growth, i to log investment growth, and f to log growth of investment goods
prices. In simulations, I compute risk premia as E[r; —rf] = —co’u(d’T", ri¢). I report median values along with 5% and 95% percentiles
across simulations. The fourth column shows the corresponding moments in the data. The mean and volatility of the market portfolio
are computed using data from Kenneth French’s website over the period 1962:2008. The moments for investment and consumption
firms are computed over the 1962:2008 period. I classify firms as investment and consumption producers based on NIPA Tables and
NAICS codes. The mean of the real risk-free rate are from the long sample of Campbell and Cochrane (1999). The volatility of the
interest rate is from Chan and Kogan (2002) and it refers to the volatility of the ex-post real rate. Output is GDP excluding government
consumption, consumption is non-durables plus services, labor supply is non-farm business hours, investment is non-residential fixed
investment and the relative price of investment comes from Israelsen (2010) who extends the quality-adjusted price series of Gordon
(1990) to 2008. I deflate quantities by population and nominal variables by the consumption deflator.
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2 A Model with flexible capital in the I-sector

This model allows the capital stock in the investment sector to vary.

2.1 Setup

The consumption sector uses Capital (K¢ ) and Labor (L¢) to produce the consumption good according to
the following technology:
Yo = XKCLE e,

where
dXt = ux Xt dt + O'XXtdBéD

The investment sector also uses capital and labor (K) and (L;) to produce the investment good
Y; = Z; K} Ly,

where
dZry = po Zpp dt + 01,721 1dB*

Investing in either entails some costs of adjustment. Increasing the capital stock by I costs a total of
Zm~1e(I/K)K units of the investment good, where

1 1
N = —(1 aA L
i) = 3 (1+ )~ 5
the function ¢(7) is the cost of investment plus the adjustment costs. It satisfies ¢(0) = 0 and ¢/(0) = 1, and

dZpt = 079 7m 1dB, 7.
Households supply 1 — NV; units of labor that can be freely allocated between the two sectors,

Loy +Lry=1— Ny (3)

Households have preference over consumption, and leisure according to:

WO N, J) = —P (“Nw)wl_l—(l—w) (4)
(

_pH-1 ~y—0
L=0 1—7)J) T

Here p will play the role of the time-preference parameter, v controls risk aversion, and 6 the elasticity
of intertemporal substitution (EIS). Utility is defined over the composite good C' N¥, and 1 controls the

relative shares of consumption and leisure.
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2.2 Solution
Define Z = Zy x Z,,. The Hamilton-Jacobi-Bellman equation for the social planner’s optimization problem

is:

1
0 = max {h(C,N,J)+(i05)JKcKc+(i[5)JKIK[+J)(X,U,X<FJXXX2(T§(
Li,L¢yic,ir,N 2

1
+u. ZJy + 2,]2222022}

where )
) CN¥VY 1-6~
h(C7N7J): _91( ( ) o1 _(1_7)‘]
(L=m)J) 7=
subject to:
C = XKXFLG"
clic)Ko +clin)Kr = XCZKP Ly P
X~z K
. -1 Br 7 1-Br1 . I
= K7L — —
= ic c ( xg Kk c(zI)KC>
Le+L; < 1—N

The labor supply decision is intratemporal. Let N =1 — L — Ly, households will choose Lo to maximize
CNY, ie.

. 1-3
1 P C
chargrli%XXKchc Be (1_LC_LI> :m(l_l/[)
which implies that
1 - fc Y
N=1-Lec—-Li=1-Lj————(1—-Lj))=—F7>—(1-L
o T AL

and

1+v¢ - Be Be +
_ XKgC(l 7LI)17ﬁc+w A

) (e
T \1+9-Bc 1—Bc+v

Replacing the above in the HJB equation along with the constraint on investment:

1—Be)(1— L)\ %
0 = rﬁ&;{{h (XK@C (( 15(,;2(50 I)) ’1ﬂqi+1/1(1_L1)7J> — 0 Ko+

_ 1-Bc¢ (
ONY = XKgc(l—LI)lﬂc+w< 1-bc ) (1_ i >

Z _ K .
+ ! (K_CKIﬁIL} Br _c(’L])K_é) Ik Ko + (Z[ _6)KIJKI

1 1
+ IxXpux + §JXXX20§( +pJg Z + 2JZZZ%—22}
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8
Letw—1n<2§él>, k:ln(g—é).

0 = ma_x{h<XK§C <(1_’BC)(1_LI))1_BC v (1—L1)7J>—5JKCKC+

Lyyir 1+¢_ﬁc 71_56"""‘/}

_ . . 1 1
+ ¢! (ewL} Br_ C(ZI)6k> JKCKC -+ (Z[ — (S)JKIK[ + JXX,LLX + EJXXAXQO%( + uZJZZ —+ 2JzzZ2O'22}

Guess that 5
1—y

and plugging in the guess, the HJB Equation becomes:

1-— 1 — ) (A=Bet+)(1—07") g1-67"
0 = min{p( 7) <( 1) o N

flw, k)

Liir | 1—6-1 y-ot

(f(w)) ==

—  flw, k) (pl(l_;jl) + Be(y—1)c! (ewL}*ﬂf _ c(zj)e’“) —0Bc(y =D +px(y—1)— %Uiv(v - 1))

v filw k) (5 ¥ g+ Bilis — 8) — %ag . (ewL}*ﬁf - c(i,)ek)>

+ fulon) (50%03)
+  folw, k) (il — ! <e‘”L}75[ - c(zj)ek)>

The first order condition with respect to L; and i; are

(W,k) +f2(w,k) 113;1
(= Dfwhy | TR

A (1= L) PO = (L (i) ) e [ﬁc + &

Brfrw k) + faleo, K)] = 7 (L5 = elin)e®) & (in)e® [Be (1 =) flw,k) = fu(w, k) = folw, k)]

where i = ¢ and A; = p((1 — Bo + 1)) A57971(1 - B t>0

2.3 Prices
2.3.1 Investment goods

The relative price of investment goods is given by

& = Ik —
¢ hC,t C’(ic)

given the first order condition for investment, it also equals

fr— 7JKI
hC,t C/ (Z[)

&

as long as iy > 0.
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2.3.2 Stochastic discount factor

The state-price density is
t
T = €Xp </ hJ(CS,Ns, JS) dS) hC(Ct,Nt, Jt)
0

where
-1 1 1 _1-0—1 1-—
hy = gAY (L= L) ORI ()T et
— 06— 1-0
he = Ay (XK To(w)
_ p AT
A2 = 1-B¢
1-B¢
(1+¢*ﬁc>
—1q_ _p—1 _y—6—t
Pw) = (1—1(w)) ™" OFIA=0D(f(w))~ T
l(w) = L[
t t
dm = exp (/ hJ(cs,Ns,Js)ds) he(Coy Ny, Ty (Cas Ny, J,) + exp (/ m(cs,Ns,Js)ds)D(hc(ct,Nt,Jo)
0 0
dﬂ't D(hC(Ct,Nt,Jt))
=t = hy(Cs, Ny, Jg)dt
Tt J( ) + hC(CtaNt7Jt)

2.3.3 Investment and consumption firms

The value of the consumption firm is

7'K'tVC,t = JKcKc,t

whereas the value of the investment firms is
7TtVI,t = JKIKI,t

Proof: Consider the value of a firm in the C-Sector. The firm buys new capital and hires labor to

maximize its value

mSC = Et/ max T (X K@CsLl pe —wsLc,s —§sC(iC)KC)
t

Le,sic,s

E, /too (ﬂCXK (Le ) e gsc(ig,S)Kc,s) ds

=8 = Et/ exp </ hJ(C’u,Nu,Ju)du> ZC (B XK (L)' ™7 = Eelic ) Ko ) ds
t t t
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The planner’s Lagrangian evaluated at the optimum can be written as:
B ooh(c* N* J*)— _ Bc yx 1=Bcy _ ok _ Br 7 +1—Br1
L 57778758 Trs(cs XSKC,SLC,S ) §s7rs C(ZC7S)KC7S Y<5KI LI dS
t

The envelope theorem implies that

oc — oJ
0Kes OK¢
also note that oK
C,s
“ Ko =K
8KC,t Ct C,s

An application of the envelope theorem yields

aJ, o s _
srteu =B [ o ([ haCuNu ) du) he (5eXE (L)'~ Gulit)Ken) ds
Cit t t
Therefore
o L 0
" hoy OKey o

2.3.4 Value of assets in place and growth opportunities

Consider the value of a firm in the C-sector that plans to not invest in the future
> 8
WOSgO = EO/ T (XS(Kcyoe_‘SS) CLEfC - wSLcys) ds
0

i S 1ab01“ deCiSiOn yields
(]' ﬁC)‘cs(KC‘Oe ) C‘L(1 ¢ wSLCS
) S s

Let Ag; = exp(/[;

¢ Lo du). Now consider a firm who follows the optimal investment policy, its first order

condition is
* 1— *
(1- 5C)XSKC”SBCLC,S fe = wsLC,s

dividing through, this yields
LC75 = Lé’,sAs_,é

which implies

oo
St, = B / T X, KEGe e L Pe ds
t Tt
le"/KgC(l—’Y)
hc,th,t = ti’tg(wt,kt)

L—7

The Feynman-Kac theorem implies that g(w¢, k) can be computed as the solution to the PDE:

y—6—1

0= pBo(1 = 7)Lo(w, k)P0 I N (0, k)P0 f(w, k) 5T + plw, k)g(w, k) + Dy kg(w, k)
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where

ﬁ(wuyku) = hJ(CuaNuvju)""(BC(l_’y) - 1)iC,u _666'(1 _’Y)+(1_’7) (,LLX - ;0%() +%(1_7)2U§(

The value of assets in place in the investment sector is
oo - R R
SY, = nlliaxEt/ Wi (ZS(K,,te—‘;(S—t))ﬁfL}‘ﬁf —wsLLs) ds
1 t t
thi’ngC;(l_W)

he STy T

J(we, ke)

where j(wy, ki) can be computed as the solution to the PDE:

1

BI WC) [BC(I - ’Y) f(wa k) - fl (wv k) - fg(&), k)} ewSLl(wsv ks)liﬁl + lal(wuv ku)](w7 k) + Dw,kj(wa k)
where
i) = haCasNos )+ (Boll = )icus —ir = 860l =)+ (1=) (= 304 ) + 3 (1=
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2.4 Figures

Figure 3: MODEL SOLUTION
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Tablcplots the numerical solution of the model. I evaluate the above aggregate quantities and prices at K¢ =1, X =1 and k = k,
where k is the mean of the stationary distribution of k. I plot them as a function of w. I obtain the joint distribution of w and k by
simulating one long path from the model of 10,000 years. I drop the first half to remove the dependence on initial values.
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2.5 Calibration

Table 5: PARAMETERS USED FOR CALIBRATION

Parameter Symbol  Value
Preferences
Discount rate p 0.001
Elasticity of intertemporal Substitution 0 0.3
Relative risk aversion 0% 1.1
Leisure share in utility P 3
Technology
Growth rate of C-shock X 0.1%
Volatility of C-shock ox 2.0%
Growth rate of I-shock (I-TFP) nz 4.0%
Volatility of I-shock (I—TFP) 071 3.5%
Volatility of I-shock (MEI) 0z,2 13.5%
Production
Capital share in C-sector Be 0.3
Capital share in I-sector Br 0.3
Adjustment cost parameter A 1.15
Depreciation rate of capital ) 8.5%
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Table 6: MODEL VERSUS DATA: MACROECONOMIC QUANTITIES

A: Model
u(%) (%) p Correlation
é i i g

é 1.27 1.98 0.42

[-0.17, 2.75]  [1.56, 2.54]  [0.14, 0.67]
i 1.27 3.23 0.29 0.42

[-0.26, 2.79]  [2.54, 4.21]  [0.04, 0.51] [0.10, 0.65]
i -0.00 0.20 0.56 -0.22 0.80

[-0.03, 0.03]  [0.16, 0.25]  [0.38, 0.70] [-0.44, 0.01]  [0.64, 0.90]
4 1.27 1.94 0.42 0.95 0.69 0.11

[-0.17, 2.75]  [1.53, 2.51]  [0.13, 0.67] [0.90, 0.97]  [0.50, 0.82]  [-0.12, 0.33]
13 -3.82 3.90 0.23 0.33 0.08 -0.13 0.29

[-4.99, -2.65]  [3.22, 4.64]  [-0.00, 0.44] [0.05, 0.55]  [-0.17, 0.34]  [-0.36, 0.14]  [0.01, 0.52]

B: Data
w(%) o (%) p Correlation
é i i o

é 2.51 1.95 0.40

[2.09, 2.93]  [1.65, 2.24]  [0.21, 0.58]
i 2.60 6.22 0.17 0.39

[1.26, 3.94]  [5.26, 7.18]  [-0.04, 0.38] [0.21, 0.58]
i -0.08 2.52 0.16 0.41 0.83

[-0.62, 0.47]  [2.13,2.13]  [-0.06, 0.37] [0.23,0.59]  [0.76, 0.90]
o 2.35 3.24 0.10 0.84 0.67 0.64

[1.66, 3.05]  [2.74, 3.74]  [-0.12, 0.32] [0.78, 0.90]  [0.55, 0.79] [0.51, 0.76]
£ -3.78 3.01 0.18 0.44 -0.06 -0.26 0.24

[-4.42, -3.13]  [2.55, 3.47]  [-0.03, 0.39] [0.26, 0.61]  [-0.28, 0.16]  [-0.46, -0.05]  [0.03, 0.44]

Table @ compares moments of the data to simulated moments from the model. The first three columns report means (u), standard

deviations (o) and first-order autocorrelations (p). The last five columns report correlations.

The top panel shows moments from

simulated data. I simulate 10,000 samples, each with a length of 100 years. I drop the first half of the sample to remove the impact
of initial values. I simulate the model at a monthly frequency (dt=1/12) and then aggregate the data to form annual observations. ¥

refers to log output growth, ¢ refers to log consumption growth, i to log investment growth, i to log growth of labor supply and £ to log
growth of investment goods prices. I report median moments along with the 5% and 95% percentiles across simulations. The bottom
panel shows moments in actual data. I use annual data in the 1951:2008 period. Output is GDP excluding government consumption,
consumption is non-durables plus services, labor supply is non-farm business hours, investment is non-residential fixed investment and
the relative price of investment comes from Israelsen (2010) who extends the quality-adjusted price series of Gordon (1990) to 2008. I
deflate quantities by population and nominal variables by the consumption deflator.
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Table 7: SIMULATED MOMENTS: ASSET PRICES

Model Data
median 5%  95%

E[Ra — 4] 172 156  1.88 4.89
o[Ry — 4] 1454 1383 15.25 17.92
E[R; — R¢] -0.05 -0.06 -0.05 141
o[Rr — Rc] 0.76  0.64  0.90 10.96
E[ry] 449 -037 953 2.90
o[Ry) 437 311  6.65 3.00
E[S1/Sc] 28.54 2559 30.44 17.85
E[I/C) 28.14 24.87 30.20 19.27
E[Rev — Re.] 151 118 172 -
o[Rev — Re.q 13.15  10.69 14.44 -
E[Riv — Ri.¢] 1.81 134 212 -
olRiv — Ri.c] 15.97 12.48 17.89 -

Table ﬂ compares moments of the data to simulated moments from the model. The left three columns shows moments from simulated
data. I simulate 10,000 samples, each with a length of 100 years. I drop the first half of the sample to remove the impact of initial
values. I simulate the model at a monthly frequency (dt=1/12) and then aggregate the data to form annual observations. Rys refers to
returns of the market portfolio, Ry to returns on the investment sector, Rc to returns on the consumption sector, R; y to returns on
a pure value firm in sector ¢ € {I,C}, R; g to returns on a pure growth firm in the consumption sector, and Ry to the risk-free rate.
In simulations, I compute risk premia as E[r; —ry] = —cov(%", rit). I report median values along with 5% and 95% percentiles across
simulations. The fourth column shows the corresponding moments in the data. The mean and volatility of the market portfolio are
computed using data from Kenneth French’s website over the period 1962:2008. The moments for investment and consumption firms
are computed over the 1962:2008 period. I classify firms as investment and consumption producers based on NIPA Tables and NAICS
codes. The mean of the real risk-free rate are from the long sample of Campbell and Cochrane (1999). The volatility of the interest
rate is from Chan and Kogan (2002) and it refers to the volatility of the ex-post real rate.
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3 A model with Jaimovitch-Rebelo preferences

This model features preferences as in Jaimovich and Rebelo (2009).

3.1 Setup

The consumption sector uses Capital (K¢ ) and Labor (L¢) to produce the consumption good according to
the following technology:
Yo = XKCLE e,

where
dXt = ux Xt dt + O'XXtdBéD

The investment sector also uses capital and labor (K) and (L;) to produce the investment good
Y; = Z; K} Ly,

where
dZry = po Zpp dt + 01,721 1dB*

Investing in in the C-sector entails some costs of adjustment. Increasing the capital stock by I costs a total
of Z,,71¢(I/K)K units of the investment good, where

1 1
N = —(1 aA L
i) = 3 (1+ )~ 5
the function ¢(7) is the cost of investment plus the adjustment costs. It satisfies ¢(0) = 0 and ¢/(0) = 1, and

AZp s = 079 7m 1dBy
Households supply L; units of labor that can be freely allocated between the two sectors,

LC,t —+ LI,t = L. (5)

Households have preference over consumption, and labor according to:

~ C— XLw oL 6(17/{)5: 1—-6~1
h(07L7x7 J) = 1—6-1 <( 7,9—1) _(1_’7)‘]
(L =m)J) =
where

di‘t = H(ln Ct — .f?t) dt
which can be written as

t
Tt zico—i-n/ e "InCyds
0

Here, preferences are as in Jaimovich and Rebelo (2009). Utility is defined over the composite good C —
x LY CFe1=%)% and x controls the relative shares of consumption and leisure, ¥ controls the elasticity of
labor supply, and the parameter s controls the income effect on labor. Varying x between 0 and 1, changes

preferences from Greenwood, Hercowitz and Huffman (1988) to King, Plosser and Rebelo (1988). Here p will
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play the role of the time-preference parameter, v controls risk aversion, and 6 the elasticity of intertemporal

substitution (EIS) over the composite good and not consumption.

3.2 Solution
Define Z = Z;y x Z,,. The Hamilton-Jacobi-Bellman equation for the social planner’s optimization problem
is:

1 1
0 =  max {h(C, N, 2, J)+ Jxo Ko (ic — 0) + IxXpux=Ixx X20% + uzJzZ + =Jz772%0%
L,L;,Lcyic 2 2

JrJ,@Ii(lIl C - f)}

where
— v LY CF (1-k)z\1—0"1
h(C,L7§77 J) — 1 _pe_l <(C X C e 7_9_1) _ (1 _ ’_y) J)
(L=m)J) ™

subject to:

C = XKXFXLg"

Z
ic = C71 ([(CKIBIL}QI)

Le+L; < L

o B
Let w=1In (Xﬁfll) and t = —In X — BcIn K. Guess that

_ (XK

J= T fw,x)

Replacing the above in the HJB equation along with the constraint on investment:

-1

{pu —7) (Le ™ —x (Lo + L)Y L) o my=0!
—p-1 _
1 0 f(w,x)wlfw

1) B2 ol ) (7 (28) = 0) ~ux (1= ) = ok (0= 1)

+fo(w,z) |k ((1 = Be)InLe — h) + %U%(Q'y —1)—pux — B¢ (c_1 (e“’L}_BI) — 6)}

+ foa(w, x) éoi]
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3.3 Prices

The State-Price Density is given by (see Duffie and Skiadas (1994)):

t 1 [e%e] S
T = exp (/ hy(Cs, L, T, Js)ds> {hc(Ct,Lt,i, Ji) + IiaEt [/ exp (/ hj(Cs, L, Zs,Js)ds + k(s — t)) hi]}
0 t t

To

hs

hc

hz

compute it:
1-07 A — g1 o1 1—

_ r(l— —K)x Yy 1-67"° Y

= =P <Lcl bo — XLwLC @ bC)e(l ) ) 191 f(w,x) h—p 1—9-1
_p— 1t —
= (XK")7p (Lo ™ = x LV Lom0 A=) ' (1= XLV Lo 1m0 g o= Flw,2) 5
_671 y—6—

= —(XEc)p (Lot ™ = X DV Lem07h)e0) Ty LY L) (1 ) 0907 f v 5T

We can write the state price density as

™ = Bymy

where By is the discounting and 7; is the conversion from utils into dollars. Each component equals:

t 1-6071 ~ — 91 _p—1 1-—
= exp (—P/ [(Lc,sl_bc —XstLc,s”(l_bc)e(l_”)’“'s) i flws,as) 5T + 7 } ds)
0

B,

Tt

1—6-1

= (XKgPo)™ [Ho(wt,xt) + HLgct_l Hl(wt,xt)]

where the two functions I11°(wy, x;) and I1* (wy, 7;) satisfy

1’ (w, z)

—Deyz [Hl(w, )]

1 -1

—6 5
(Lot = X LY LAY T (1 oy LY Lo (1m0 0700) 0007 e f(w, 2) ™57

-1
y—o—t

—0
p (Lcl—bc _ XLwLCm(l—bc)e(l—n)m> XLwLCK(l—bc) (1 _ I*i) e(l—n)zf (w7 33)77_1

= (== e =) (7 (L) <) — e (1-9) = ok (- D)) Mwa)

The two state variables w and x, under certain parameter restrictions have stationary distributions. Their

dynamics are given by:

dw =

dinZ — dln K¢

1
[(uz - 50%) —ic(w,x) + 5} dt + ozdBf

dt —dInX — fedIn K¢

1
[,ux — 50} + Bed — Boic(w,x) + (1 — Be) InLo(w, @) — x| dt — oxdB}*

The relative price of investment goods is given by

JK
& 7 (ic)
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The value of the consumption firm is
Vo = Ik Koy
whereas the value of the investment firms is
T Vie = BrdzZr,

The value of assets in place in the consumption sector can be computed as before based on

TSy =E / T X, KfGe PeLiJe ds
t
S, =FE, / b 7sBc X Kgcs Llcjtﬁc AZlds
t
ﬁtStV =F; /OO exp (/S hJ(C, N,J)—icu du) BemCds
t t
—E, /Oo exp (/ hi(C,N,J) —icu du> Bo(XoKe, ") [0 (w,, m,) LY 1€ +Knl(ws’xs)] s
t t

:(XtKgﬁ)lfvEt/ exp (/ Pu du) Bc [Ho(ws,ms)Llcffc + nHl(ws,xs)] ds
t t

=(X:K2G) ™ h(wr, )
where h(wy, x;) satisfies the following PDE:
0=PA¢c [Ho(w, x)Lo(w, a:)l_’Bc + ﬁHl(w,x)] + plw, z)h(w, ) + Dy wh(w, x)

and

per) = h,2) + (Bl = 2) = Dic(era) = 88c(1 =)+ (1 =) (s = 50k ) + 5 (1=
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3.4 Figures

Figure 4: MODEL SOLUTION AS FUNCTION OF w =InZ — In K¢
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Tablcplots the numerical solution of the model. I evaluate the above aggregate quantities and prices at K¢ =1, X =1 and h = k,
where h is the mean of the stationary distribution of h. I plot them as a function of w. I obtain the joint distribution of w and h by
simulating one long path from the model of 10,000 years. I drop the first half to remove the dependence on initial values.
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Figure 5: MODEL SOLUTION AS FUNCTION OF h=h —InX — BcIn K¢
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Table plots the numerical solution of the model. I evaluate the above aggregate quantities and prices at Ko =1, X =1 and w = @,
where @ is the mean of the stationary distribution of w. I plot them as a function of h. I obtain the joint distribution of w and h by
simulating one long path from the model of 10,000 years. I drop the first half to remove the dependence on initial values.



3.5 Calibration

Table 8: PARAMETERS USED FOR CALIBRATION

Parameter
Preferences
Discount rate
Elasticity of intertemporal Substitution
Relative risk aversion
Share of leisure in utility
Elasticity of Labor Supply
Strength of Short-Run Wealth Effect on Labor
Technology
Growth rate of C-shock
Volatility of C-shock
Growth rate of I-shock (I-TFP)
Volatility of I-shock (I-TFP)
Volatility of I-shock (MEI)
Production
Capital elasticity in C-sector
Capital elasticity in I-sector
Adjustment cost parameter

Depreciation rate of capital

Symbol

T & X 2 D

gx
1254
0z1

07,2

Bo

Value

0.001
0.3
1.1
0.5
1.5

0.75

0.1%
2.0%
4.0%
3.5%
13.5%

0.3
0.3
1.15
8.5%
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Table 9: MODEL VERSUS DATA: MACROECONOMIC QUANTITIES

A: Model
u(%) (%) p Correlation
é i [ 7

é 1.23 2.05 0.37

[0.11, 2.34] [1.65, 2.55]  [0.12, 0.60]
i 1.23 4.45 0.22 0.45

[-0.01, 2.42]  [3.55, 5.65]  [-0.01, 0.43] [0.21, 0.63]
i -0.00 0.73 0.55 0.28 0.94

[-0.07, 0.07]  [0.60, 0.87]  [0.37, 0.69] [0.08, 0.46]  [0.90, 0.97]
o 1.23 2.17 0.34 0.94 0.73 0.58

[0.11,2.35]  [1.75,2.67]  [0.09, 0.57] [0.90, 0.97]  [0.59, 0.82] [0.42, 0.71]
13 -3.71 3.33 0.27 0.57 0.29 0.19 0.55

[-4.96, -2.44]  [2.74, 3.99]  [0.02, 0.48] [0.36, 0.72]  [0.04, 0.51]  [-0.04, 0.41]  [0.34, 0.71]

B: Data
w(%) o (%) p Correlation
é i i o

é 2.51 1.95 0.40

[2.09, 2.93]  [1.65, 2.24]  [0.21, 0.58]
i 2.60 6.22 0.17 0.39

[1.26, 3.94]  [5.26, 7.18]  [-0.04, 0.38] [0.21, 0.58]
i -0.08 2.52 0.16 0.41 0.83

[-0.62, 0.47]  [2.13,2.13]  [-0.06, 0.37] [0.23, 0.59]  [0.76, 0.90]
n 2.35 3.24 0.10 0.84 0.67 0.64

[1.66, 3.05]  [2.74, 3.74]  [-0.12, 0.32] [0.78, 0.90]  [0.55, 0.79] [0.51, 0.76]
£ -3.78 3.01 0.18 0.44 -0.06 -0.26 0.24

[-4.42, -3.13]  [2.55, 3.47]  [-0.03, 0.39] [0.26, 0.61]  [-0.28, 0.16]  [-0.46, -0.05]  [0.03, 0.44]

Table @ compares moments of the data to simulated moments from the model. The first three columns report means (u), standard

deviations (o) and first-order autocorrelations (p). The last five columns report correlations.

The top panel shows moments from

simulated data. I simulate 10,000 samples, each with a length of 100 years. I drop the first half of the sample to remove the impact
of initial values. I simulate the model at a monthly frequency (dt=1/12) and then aggregate the data to form annual observations. ¥
refers to log output growth, ¢ refers to log consumption growth, i to log investment growth, i to log growth of labor supply and £ to log
growth of investment goods prices. I report median moments along with the 5% and 95% percentiles across simulations. The bottom
panel shows moments in actual data. I use annual data in the 1951:2008 period. Output is GDP excluding government consumption,
consumption is non-durables plus services, labor supply is non-farm business hours, investment is non-residential fixed investment and
the relative price of investment comes from Israelsen (2010) who extends the quality-adjusted price series of Gordon (1990) to 2008. I
deflate quantities by population and nominal variables by the consumption deflator.
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Table 10: SIMULATED MOMENTS: ASSET PRICES

Model Data
median 5%  95%

E[Ru — 1] 153 138  1.68 4.46
o[Rn — 1] 13.62  12.96 14.29 18.40
E[R; — R¢] 043  -047 -0.38 -1.41
o[Rr — Ro) 393 371 414 10.96
E[ry] 413 135  6.83 2.90
o[Ry] 494 387 640 3.00
E[Rv — Ra] 133 158 1.16 -
o[Rv — R¢] 12.37 1115 13.79 -

Tablemcompares moments of the data to simulated moments from the model. The left three columns shows moments from simulated
data. I simulate 10,000 samples, each with a length of 100 years. I drop the first half of the sample to remove the impact of initial
values. I simulate the model at a monthly frequency (dt=1/12) and then aggregate the data to form annual observations. Ry refers to
returns of the market portfolio, R; to returns on the investment sector, Rc to returns on the consumption sector, R; v to returns on
a pure value firm in sector ¢ € {I,C}, R; ¢ to returns on a pure growth firm in the consumption sector, and Rys to the risk-free rate.
In simulations, I compute risk premia as E[r; —r¢] = 7cov(d77', ri¢). I report median values along with 5% and 95% percentiles across
simulations. The fourth column shows the corresponding moments in the data. The mean and volatility of the market portfolio are
computed using data from Kenneth French’s website over the period 1962:2008. The moments for investment and consumption firms
are computed over the 1962:2008 period. I classify firms as investment and consumption producers based on NIPA Tables and NAICS
codes. The mean of the real risk-free rate are from the long sample of Campbell and Cochrane (1999). The volatility of the interest
rate is from Chan and Kogan (2002) and it refers to the volatility of the ex-post real rate.
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4 Numerical Solution

I solve the Hamilton-Jacobi-Bellman equation directly using numerical methods. See Kushner and Dupuis
(1992) for a textbook treatment on numerical solutions of stochastic optimal control problems in continuous
time.

For exposition purposes consider benchmark model and focus on the case where v = #~! and ¥ = 0. In

this case the HJB equation becomes:

1 1
0 = min {(1 = DO — (ut By = e (e 1)) f(w) + f' (@) (py + 08— SoF — 7N e 1)) + 2a%f”<w>}
where u is a constant and w follows
1 _
dw = (py + 6 — 5(;% — eI TP dt + oy dz)

I discretize the state space, creating a grid for w and f with h = Aw . Then the following approximations

can be used
~ fn+1 + fn—l - fn

F(wn) ~ Jot1 = fo1 and 7 (wn)

2h 12
I then approximate the HJB equation as
. h _ -
foo = min {e P DA [ (050 fuy + Dy (s D fa] + (1= HO7DOP AL (13)
where
152 _l(ewn 18
Blumsl) = ut foly — e )en 1P p_(wyil) = & + b BrH0msove (0T
Y
h — h2 N 1 g py+d—Fod—c (evni! TP
At = 0% p+(wn,l) ) h 202
—B(wnsl) At"

and I have used the approximation This corresponds to an Markov Chain

~ e

1
1+B(wn;l) Ath
approximation to w, where

plw = wn + hlw =wp) = py(wn;) and plw=wn — hlw=wy) = p_(wn;1)
are the transition probabilities and the time interval is At". The markov chain is locally consistent because

E(Awp|wn) = (py +6— %J% — ¢ Hewn 1t Py ALl

E((Aw, — EAwp)?|wy) oL Ath 4 o(At?)

Note that care must be taken when choosing h to ensure that the probabilities are non-negative for all
admissible controls [ € [0, 1] at all points in the grid. Alternative differencing schemes that produce positive
probabilities can also be used.

Using an initial guess for f, say f¢, one can numerically compute the minimum in . Then, given l;;i,

one can start from n = 0 and recursively compute the update on f using the Gauss-Seidel algorithm:

fitl = e BlwnslyH)Aat" P (wn; l;‘l?)ffill + Py (wn; l;z) ;’LJFJ +(1— lzi)(l—v)(l—BO)Ath (14)
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I impose a reflecting barrier on w at the boundaries of the grid. This reduces to fy = f1 and fy = fn_1,

since there is no discounting at the boundary and
plw=wo+ hlw=wy) =1
plw=wny —hlw=wy)=1
Ath(wN) = Ath(wo) =0

Finally, because the minimum in is costly to compute, I iterate a couple of times on before updating
the policy function.

In the case where v # 67!, the per-period ”utility”, is also a non-linear function of f:

0 =min{ (1 = 00 F0)° = -+ oy = Ve ) F(0) + F@)ay + 6= b = 1) 4 4o

where c is a constant. In this case, my iterations take the form:

. —B(w. I* h wiN pi %1\ pi 9\ (1— — i\c
FiL = e Blm DA (D £ 4 (w12 n+1} + (1= 1HA=Q=Fe)(piye Agh (15)
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5 Mapping investment and consumption firms

The procedure is similar to Gomes, Kogan and Yogo (2009). I use the 1997 BEA Standard Make and Use
Tables at the detailed level. I use the standard make (table 1) and use (table 2) tables. The uses tables
enumerates the contribution of each IO commodity code to Personal Consumption Expenditures (I0 code
F01000) and Gross Private Fixed Investment (IO code F02000). I use the make tables along with the NAICS-
10 map to construct a mapping between 6-digit NAICS Codes to IO commodity codes. I then use the uses
table to create a map from IO codes to Investment or Consumption. Because some industries contribute to
both PCE and GPFI, T assign industries to the sector they contribute the most value in terms of producer’s
prices excluding transportation costs.

I use COMPUSTAT to create a PERMNO-NAICS link and form value weighted portfolios using simple

returns on all common stocks traded on NYSE, AMEX and Nasdaq. Examples of Investment industries are

10 Code | Description
213111 Drilling oil and gas wells

333111 Farm machinery and equipment manufacturing
333295 Semiconductor machinery manufacturing

334111 Electronic computer manufacturing

334220 Broadcast and wireless communications equipment

336120 Heavy duty truck manufacturing

Examples of Consumption industries are

10 Code | Description
1111B0 | Grain farming
221100 Power generation and supply

311410 Frozen food manufacturing
312110 Soft drink and ice manufacturing
325611 Soap and other detergent manufacturing

334300 Audio and video equipment manufacturing

The full list of IO codes and their assignments into industries is available from the author upon request.
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6 Additional empirical results and robustness checks

In this section I present a number of additional empirical evidence and robustness tests. In particular, I do

the following:

1. T sort firms based on beta-IMC and Book-to-Market Equity with the Consumption and Investment
sector separately. I provide these results in Tables [TI}[I]

2. I repeat the cross-sectional tests including the firms in the investment sector. I examine 10 portfolios
of Book-to-market and beta-IMC firms. I first sort firms on BM or beta-IMC within industries. Then
I average returns across deciles. So, the p-th portfolio is formed as the average of the p-th portfolios
in the C- and I-sector. )
c I
Ry = 9 (Rp,t + Rp,t)

I show results in Table (17])

3. I consider two alternative measures of I-shocks constructed from the relative price of new equipment.

The first is simply minus the growth rate of investment goods prices:
251 = —Aln¢
the second is the residual 252 from
Alné =plné&_q — zf’Q.

I show results in Tables -.

4. As and additional test, I can use data on the investment-output ratio and aggregate consumption, to
construct estimates of the stochastic discount factor implied by the model (). It is straightforward to
show that I can invert the level of consumption and the investment-output ratio implied by the model

to obtain estimates of w; and z; = X K gc. I feed the actual data to the model and compute &

P ho(2(Cy, i), 0(C, i)
t = — —.
% 25:1 he(2(Cy,it), w(Cy, it)

The SDF implied by the model () has a volatility of 12% per year. I then test that
m=a-+b,Alnn.

If the model is correct, then in the above equation b, = 1. T show results in Tables —.
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Table 17: CROSS-SECTIONAL TESTS (ALL INDUSTRIES)

Panel A: 10 3™ sorted portfolios (within industries)

Factor CAPM CCAPM IMC,MKT IMC,C  P,MKT P, C T
AF (MKT) 1.66 2.95 0.57
[2.38] [4.84] [0.59]
Az (O) 47.92 137.76 13.20
[2.08] [4.95] [0.56]
Az (IMC) -3.49 -6.85
[-3.11] [-5.28]
AF (29 41.88 48.17
[-2.92] [-5.25]
ﬁ 45.58
[3.94]
SSQE (%) 0.74 1.54 0.08 0.45 0.12 0.14 1.22
J-test 19.0 [0.03]  47.3 [0.00] 9.7 [0.29] 37.9[0.00] 16.9[0.03] 24.3 [0.00] 22.9 [0.00]
Panel B: 10 Book-to-Market sorted portfolios (within industries)
Factor CAPM CCAPM IMC,MKT IMC,C  Pr,MKT Pr,C ﬁ'
A7 (MKT) 2.27 3.25 0.95
[3.22] [3.63] [1.03]
Az (C) 78.11 108.33 23.80
3.21] [3.59] 0.81]
Az (IMC) 4.34 -3.81
[2.17] [1.92]
Az (25) 37.11 43.82
[-1.95] -2.37]
ﬁ 46.49
[3.47]
SSQE (%) 0.56 0.79 0.16 0.48 0.22 0.29 0.73
J-test 30.5 [0.00] 62.2[0.00]  32.7[0.00] 61.4[0.00] 38.3[0.00] 60.9[0.00] 58.3 [0.00]

Table [17] shows results of estimating the stochastic discount factor of the model via generalized method
of moments. I report first stage estimates of bx, bz and b, using the identity weighting matrix. I also
report the sum of squared pricing errors (SSQE) and the J test of overidentifying restrictions along with
p-values in brackets. Standard errors are computed using the Newey-West estimator allowing for 1 lag.
I use two proxies for X: returns on the market portfolio (MKT) and the growth rate of per capita non-
durables plus services consumption (C). I use two proxies for Z: returns on the IMC portfolio and minus
the innovations in the relative price of investment goods (£). The relative price of investment (£) comes
from Israelsen (2010) who extends the quality-adjusted price series of Gordon (1990) to 2008. I compute
innovations zf from In& = apgt +ayt - lys1980 + pIn&—q — zf I construct 7 using the full solution of the
model and consumption growth and the investment-output ratio (non-residential fixed investment divided
by GDP excluding government spending). When sorting firms on characteristics, I sort them first within
their industry (consumption or investment). I then form the decile portfolios by averaging them across
industries. The top panel (A), shows estimates of the parameters using a cross-section of 10 portfolios sorted
on their univariate beta with respect to the IMC portfolio (3/¢). The bottom panel (B) shows estimates of
the parameters using a cross-section of 10 portfolios sorted on their book-to-market ratio. Sample includes
annual data from 1963:2008.
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Table 18: ALTERNATIVE MEASURES OF I-SHOCK: CROSS-SECTIONAL TESTS (I)

Panel A: 10 B¢ sorted portfolios (Consumption Sector only)

Factor CAPM  CCAPM P(I),MKT P(I),C P(II),MKT P;(II),C r
Az (MKT) 1.64 0.92 0.89
[2.20] [0.96] [0.92]
Az (O) 51.54 24.05 23.57
[2.05] [0.90] [0.88]
Az (—Aln¢) -30.97 -39.57
[-1.61] [-2.58]
Az (29) -31.98 -40.04
-1.63] [-2.57]
i 34.95
[2.79]
SSQE(%) 0.37 0.78 0.10 0.14 0.07 0.10 0.59
J-test 12.3[0.20] 24.4[0.00]  12.1[0.15] 18.1 [0.02] 115 [0.17]  15.8 [0.04] 22.3 [0.00]
Panel B: 10 Book-to-Market sorted portfolios (Consumption Sector only)
Factor CAPM  CCAPM P;(I),MKT P(I),C P/(II),MKT P/(II),C r
Az (MKT) 2.23 0.47 0.09
[3.06] [0.46] [0.07]
C 87.46 8.49 -9.30
[3.09] [0.23] [-0.35]
Az (—Aln¢) -47.68 -53.94
[-2.05] [-2.95]
Az (29) -56.65 -64.90
[-1.99] [-4.60]
0 37.13
[3.12]
SSQE(%) 0.33 0.27 0.10 0.12 0.12 0.12 0.33
J-test 53.3 [0.00] 63.4 [0.00] 38.6 [0.00] 27.7 [0.00] 37.3 [0.00] 25.6 [0.00] 63.5 [0.00]

Table [18] shows results of estimating the stochastic discount factor of the model via generalized method of
moments. I report first stage estimates of bx, bz and b, using the identity weighting matrix. I also report
the sum of squared pricing errors (SSQE) and the J test of overidentifying restrictions along with p-values
in brackets. Standard errors are computed using the Newey-West estimator allowing for 1 lag. I use two
proxies for X: returns on the market portfolio (MKT) and the growth rate of per capita non-durables plus
services consumption (C). I use two proxies for Z: minus the change in the relative price of new equipment
(=Aln¢) and minus the innovations in the relative price of new equipment (zf) The relative price of
investment (§) comes from Israelsen (2010) who extends the quality-adjusted price series of Gordon (1990)
to 2008. I compute innovations from Aln& = plné&_1 — zf The top panel (A), shows estimates of the
parameters using a cross-section of 10 portfolios sorted on their univariate beta with respect to the IMC
portfolio (B7M€). T focus only on firms in the consumption industry. I sort firms into portfolios based on
their pre-ranking beta with the IMC portfolio. I estimate pre-ranking betas using weekly data and a window
of one year. I rebalance portfolios at the end of every December. The bottom panel (B) shows estimates
of the parameters using a cross-section of 10 portfolios sorted on their book-to-market ratio. I focus only
on firms in the consumption industry. I sort firms into 10 portfolios using NYSE breakpoints. I rebalance
portfolios every June. Sample includes annual data from 1963:2008.
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Figure 6: HISTORICAL AVERAGE RETURNS VERSUS COVARIANCES WITH [-SHOCK

A: 10 BIMC SORTED PORTFOLIOS

(Consumption Sector only)

B: 10 BOOK-TO-MARKET SORTED PORTFOLIOS

(Consumption Sector only)
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Figure @ plots average returns versus covariances with the investment-specific shock (Z) and 7 for two sets of portfolios. I use two
proxies for Z: first differences and innovations in the relative price of investment goods (¢). The relative price of investment (§)
comes from Israelsen (2010) who extends the quality-adjusted price series of Gordon (1990) to 2008. I compute innovations &; from
Ing =apt+ pln&_1 + &;. I allow the time trend to vary before and after 1982 following the findings of Fisher (2006). I construct #
using the full solution of the model and consumption growth and the investment-output ratio (non-residential fixed investment divided
by GDP excluding government spending). The left panel (A), uses 10 portfolios sorted on their univariate beta with respect to the IMC
portfolio (ﬂIMC). I include only consumption firms. I sort firms into portfolios based on their pre-ranking beta with the IMC portfolio.
I estimate pre-ranking betas using weekly data and a window of one year. I rebalance portfolios at the end of every December. The
right panel (B) uses 10 portfolios sorted on their book-to-market ratio. I include only consumption firms. I sort firms into 10 portfolios
using NYSE breakpoints. I rebalance portfolios every June. Sample includes annual data from 1963:2008.
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Table 19: ALTERNATIVE MEASURES OF I-SHOCK: CROSS-SECTIONAL TESTS (II)

Panel A: 25 Market Equity/Book-to-Market sorted portfolios

Factor CAPM CCAPM P;(I),MKT P(I),C P(II),MKT Pi(11),C T
Az (MKT) 2.42 0.38 -0.22
[3.34] [0.46] [-0.30]
Az (O) 107.56 52.69 43.55
[3.59] [2.02] [1.69]
AZ (—=Aln¢) -46.33 -30.12
[-2.58] [-1.66]
Az (29) -64.26 -37.22
[-3.99] [-1.86]
7 38.68
[3.35]
SSQE (%) 3.69 3.05 2.81 2.12 2.45 2.06 0.99
J-test 113.4 [0.00] 130.8 [0.00]  112.2[0.00] 122.6 [0.00]  111.4[0.00] 120.1 [0.00] 130.2 [0.00]
Panel B: 30 Industry Portfolios
Factor CAPM CCAPM P;(I),MKT P(I),C P;(II),MKT Pi(ID),C T
Az (MKT) 2.02 1.86 1.73
[2.31] [2.25] [2.04]
Az (O) 65.26 37.17 34.54
[2.81] [2.07] [1.93]
Az (—Aln¢) -3.54 -24.01
[-0.33] [-2.49]
Az (29) -6.71 -26.88
[-0.58] [-2.62]
w 20.47
[2.87]
SSQE (%) 2.38 5.83 2.36 2.86 2.31 2.62 6.47
J-test 117.1 [0.00] 150.6 [0.00] 128.8 [0.00]  140.4 [0.00] 129.1 [0.00] 138.7 [0.00] 148.7 [0.00]

Table [19] shows results of estimating the stochastic discount factor of the model via generalized method of
moments. I report first stage estimates of bx and bz using the identity weighting matrix. I also report the
sum of squared pricing errors (SSQE) and the J test of overidentifying restrictions along with p-values in
brackets.Standard errors are computed using the Newey-West estimator allowing for 1 lag. I use two proxies
for X: returns on the market portfolio (MKT) and the growth rate of per capita non-durables plus services
consumption (C). I use two proxies for Z: minus the change in the relative price of new equipment (—Aln¢)
and minus the innovations in the relative price of new equipment (zf ). The relative price of investment
(&) comes from Israelsen (2010) who extends the quality-adjusted price series of Gordon (1990) to 2008. I
compute innovations from Aln& = plné&_1 — ztg . The top panel (A), shows estimates of the parameters
using the cross-section of 25 portfolios sorted on market-equity and book-to-market from Fama and French
(1993). The bottom panel (B) shows results using the cross-section of 30 industry portfolios of Fama and
French (1997).
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Figure 7: HISTORICAL AVERAGE RETURNS VERSUS COVARIANCES WITH [-SHOCK

A: 25 MARKET-EQUITY/BOOK-TO-MARKET

SORTED PORTFOLIOS

B: 30 INDUSTRY PORTFOLIOS
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Figure [7| plots average returns versus covariances with the investment-specific shock (Z) and # for two sets of portfolios. I use two
proxies for Z: first differences and innovations in the relative price of investment goods (¢). The relative price of investment (§)
comes from Israelsen (2010) who extends the quality-adjusted price series of Gordon (1990) to 2008. I compute innovations &; from
Ing; =aot+ plng_1 + &. I allow the time trend to vary before and after 1982 following the findings of Fisher (2006). I construct
7 using the full solution of the model and data consumption growth and the investment-output ratio (non-residential fixed investment
divided by GDP excluding government spending). The left panel (A) uses the 25 portfolios sorted on market-equity and book-to-market
from Fama and French (1993). The right panel (B) uses the 30 industry portfolios of Fama and French (1997). Sample includes annual
data from 1963:2008.
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